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Hydrodynamic approach to the interaction of a relativistic ultrashort laser pulse
with an underdense plasma
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The interaction of an ultrashort, high peak power laser pulse with an underdense plasma is investigated
within a physical model based on the three-dimensional cold hydrodynamic approach, which allows one to
study the dynamics of the laser pulse and of the generated wakefields self-consistently, in the fully relativistic,
strongly nonlinear regime. Our model is developed with the aim of describing very short laser pulses~with
l 0,lp andl 0!l ' , wherel 0 ,l ' ,lp are the pulse length, its transverse scale, and the plasma wavelength,
respectively! down to single cycle radiation wave packets, which have become available with the recent
progress in laser technology. The space-time structure and the evolution of large quasistatic electric and
magnetic fields are studied, together with the pulse dynamics, by the direct numerical integration of the
relativistic fluid and field equations, within the extended paraxial approximation.
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I. INTRODUCTION

Advances in laser technology, based mainly on the te
nique of chirped-pulse amplification~CPA! @1#, enable one
to produce high-intensity~in excess of 1018 W/cm2) high
peak-power~from multiterawatt to petawatt! laser pulses
@2,3#. Petawatt peak powers are exceeded in large syst
producing kilojoule-class subpicosecond ('450 fs) pulses
@2,4#. Further progress in the development of tabletop mu
terawatt, ultrashort-pulse systems has made it possibl
generate sub-30-femtosecond laser pulses with peak p
in excess of 40 TW@5#. CPA technology has allowed th
construction of a compact laser system generating pu
with peak powers in excess of 100 TW and durations of l
than 19 fs@6#. The same technique can be used to develo
laboratory-scale laser system producing'20 fs laser pulses
with 1 PW peak power. In these systems, the output inte
ties reach 1019 W/cm2, whereas focused intensities availab
with such pulses are in the 102021021 W/cm2 range. At
these intensities, the electron motion in the laser fields
comes highly nonlinear and relativistic, and a complet
new field of nonlinear physics, characterized by the extre
physical conditions of the target plasma, has become the
ject of laboratory investigations in recent years.

The interaction of high-intensity, ultrashort laser puls
with an underdense plasma is of primary interest for las
plasma particle accelerators, laser-induced x-ray lasers,
many other envisaged applications@7#. This is a topic of
considerable interest even for the fast ignitor concept of
inertial confinement fusion@8#. Although its ultimate goal is
the penetration of a short, bright laser pulse in the overde
core, before reaching it the pulse has to travel a consider
distance through the underdense corona.

An issue of particular concern, when investigating t
relativistically intense laser-plasma interaction, is the gene
tion of a multimegagauss quasistatic magnetic field beh
1063-651X/2001/63~5!/056409~10!/$20.00 63 0564
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the laser pulse. This process deserves particular interest
from the point of view of diagnostics and for the role play
by such a huge magnetic field when electron bunches sh
be introduced into the accelerating region of a plasma-ba
laser wakefield accelerator. Recently, a number of analyt
studies@9,11# and numerical@particle-in-cell ~pic!# simula-
tions @9,10,12–17# have demonstrated that a relativistical
intense laser pulse produces a quasistatic magnetic wake
hind itself, associated with the currents of fast electro
which are produced due to several mechanisms: the acc
ating longitudinal electrostatic field, the relativistic ponder
motive forces, and the wavebreaking of the wakefield.

Research in the plasma-based acceleration of charged
ticles stimulated the studies of large-amplitude relativis
wakefields generated by a laser pulse. In addition, the r
tivistic and ponderomotive self-focusing and the optic
guiding of intense laser beams in plasmas have been
topics of intense studies, too@18,19#.

These works mainly deal with laser pulses in the picos
ond and subpicosecond~hundreds of femtoseconds! time
range with a typical transverse dimension of a few microm
ters. The hydrodynamic approach to the propagation and
nonlinear interaction of these relatively long and narro
pulses with underdense, cold plasmas has proved to be f
ful. For example, the relativistic and ponderomotive se
focusing, various other instabilities, such as envelope mo
lations, hosing, etc., have been discovered and studied w
the fluid model. Relevant theoretical analyses are usu
based on the paraxial wave equation containing the diffr
tion and nonlinear refraction terms, but neglecting the fin
pulse duration effects as well as Raman-type instabilit
Therefore, they do not describe the temporal evolution of
pulse due to dispersion effects. This approach is valid
long laser pulses or laser beams. Indeed, in these case
dispersion effects are insignificant unlessl 0 /l ''vp /v,
i.e., in underdense plasmas@vp /v!1, vp5(4pn0e2/m)1/2

being the plasma frequency# they can be neglected for pulse
©2001 The American Physical Society09-1
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with lengths longer than their widths.
In this paper, we study sub-20-femtosecond relativis

laser pulses propagating in an underdense plasma. For
pulses withl 0!l ' , the dispersion plays as important a ro
as the diffraction. It should be noted also that if the pu
duration is on a femtosecond time scale, i.e.,'10220 fs for
l'1 mm radiation, it will contain only a few optical cycles
which makes it necessary to take into account also first-o
dispersion effects. Furthermore, often these pulses ar
short thatl 0,lp , wherelp is the plasma wavelength, i.e
these pulses do not see even a single plasma wavele
Therefore, their coupling with plasma waves cannot be
scribed in terms of wave-wave interactions. The shortnes
the pulse can suppress parametric Raman processes an
nificantly limit the number of instabilities. However, an u
trashort pulse experiences new types of instability.

Two aspects in the physics of the laser-plasma inte
tions can be identified: first, the propagation and the evo
tion of the laser pulse itself; second, the plasma respons
the laser radiation, though in the nonlinear regimes these
aspects cannot be treated separately. However, dependin
the particular problem at hand, one of the two is emphasiz

Here, an adequate physical model of the propagation o
ultrashort, ultraintense laser pulse in an underdense plasm
developed. We formulate the so-called pulsed paraxial w
equation~PPWE!, which extends the conventional paraxi
wave equation systematically, incorporating all possi
finite-pulse-length effects. With the group velocity dispe
sion ~GVD! and the first-order dispersion terms retained,
PPWE is applicable to a wide range of ultarshort laser pu
including single cycle pulses. The equations describing
dynamical plasma response to such short pulses complet
set of coupled equations that gives a fully relativistic form
lation of the propagation of ultrashort ultrabright laser puls
in underdense plasmas.

Specifically, we consider the interaction of a strong circ
larly polarized ultrashort (l 0,lp) laser pulse with an un
derdense (vp /v!1) plasma, on the basis of a thre
dimensional hydrodynamic model. In Sec. II, the physi
model is outlined and a short discussion of the ‘‘sources’’
the magnetic field is presented. Theextended paraxial ap-
proximationis introduced in Sec. III, where the validity lim
its of our model are given. The reduction of the releva
system of equations for a strongly underdense plasma is
ried out in Sec. IV. In particular, Sec. IV contains the equ
tions for the coupled evolution of the laser pulse and of
electromagnetic wakefield produced in the plasma. The
merical results are presented and discussed in Sec. V.
tion VI is devoted to concluding remarks.

II. PHYSICAL MODEL

Within the hydrodynamic model, the equations describ
the laser-plasma interaction can be written in terms of
vector and scalar potentials,A,f, of the electron momentum
p, and densityn, as

DA2
1

c2

]2A

]t2
5

4pe

mc

np

g
1

1

c

]“f

]t
, ~1!
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2f54pe~n2n0!, ~2!

]p

]t
5

e

c

]A

]t
1

p

g
3F“3S p2

e

c
AD G1“~ef2mc2g!, ~3!

]n

]t
1¹•S np

mg D50. ~4!

Here,g5A11p2/m2c2 is the relativistic factor andn0 is the
background density. The Coulomb gauge,“•A50, has been
used.

The electron momentum equation~3! can be cast in the
convenient form

]V

]t
5“3~v3V!, ~5!

which shows that the generalized electron vorticity,V5“

3P, is frozen into the electron fluid. Here,P5p2(e/c)A is
the canonical electron momentum andv5p/mg is the elec-
tron velocity. If initially, at t50, the electrons are at rest an
the laser field is absent, that is,P50, then Eq.~3! states that
“3@p2(e/c)A#50 holds all along the subsequent intera
tion, that is,B5(c/e)“3p. Applying the curl operator to
Eq. ~1!, we derive the equation governing the magnetic fie
in the laser-plasma interaction:

DB2
1

c2

]2B

]t2
2

vp
2

c2

n

n0g
B52

4pe

mc
p3“

n

g
5S. ~6!

Equation~6! is a general equation for the magnetic field i
volved in such an interaction, which describes both the la
magnetic field and the magnetic field induced in the plas
by the laser pulse itself. The magnetic field is nonlinea
coupled to the electron dynamics through the last term on
left-hand side and the right-hand side of Eq.~6!. In view of
the forthcoming reduction of Eqs.~1!–~4! under the assump
tion of underdense plasma, it may be worth separating
plicitly the contribution to the source term due to the ‘‘pa
allel’’ ~along the propagation direction of the laser puls!
momentum, i.e.,

Spz
52

4pe

mc
pzS êu

]

]r
2êr

1

r

]

]u D n

g
, ~7!

from that due to the ‘‘transverse’’ motion of the electron
which reads

Sp�
52

4pe

mc F êzS pr

1

r

]

]u
2pu

]

]r D1~ êrpu2êupr !
]

]zGn

g
.

~8!

Provided the laser pulse itself can be identified as a dr
with a well-localized electromagnetic structure, thou
evolving in time and space, then the right-hand side of
~6! can be treated as a source (S) for the magnetic fields
driven by the laser pulse. Supposing that this requiremen
met ~which will be a matter of deeper investigation in th
continuation of this paper!, we can discuss the physica
9-2
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meaning and some ‘‘topological’’ features of the right-ha
side of Eq.~6! as a source for the laser-driven magnetic fie
before making any specific assumption about the laser p
characteristics or introducing any particular model of t
laser-plasma interaction.

First, notice that, according to Eq.~6!, a nonvanishing
source term implies the space inhomogeneity of the part
density and of the electron mass, or at least of one of the
However, this is just a necessary condition to form a nonz
source. It is also necessary that the corresponding grad
of plasma parameters form a nonzero vector product with
momentum of plasma electrons. From the expression of
source term, it is obvious that the source and the corresp
ing magnetic field are always polarized in the plane perp
dicular to that formed by the electron momentum and
plasma gradients. Moreover, it should be noticed that, g
erally speaking, both the momentum of the electrons in
laser-excited wakefield and the momentum acquired by
electrons inside the laser field contribute to the source te
In the latter case, the source is localized within the pu
region. Depending on the polarization of the laser and on
particular geometry of the problem, rapidly oscillating~on
the laser period time scales! magnetic fields, as well as ‘‘qua
sistatic’’ magnetic fields, varying on time scales of the ord
of the plasma frequency or its harmonics, may be genera
Inside the region occupied by the laser pulse, magnetic-fi
generation is possible even in a one-dimensional geome
while behind the pulse, where then’s andp’s in the source
term are related to the laser-excited wakefield, at least a t
dimensional geometry is required to have a nonvanish
source.

In order to easily identify the order of magnitude of th
terms appearing in Eqs.~1!–~4!, which govern the laser
plasma interaction, it is worth introducing suitable dime
sionless variables. Letl i be the characteristic distance ov
which the laser pulse shape changes appreciably,l ' the
typical transverse~to the propagation direction! scale of the
laser pulse,l 05t0vg the laser pulse length, wheret0 is its
time duration, andvg the laser group velocity. Then, we ca
go to the reference frame comoving with the laser pulse,
introduce the following transformations of variables:z/l i

→z, r' /l '→r, (t2z/vg)/t0→t, p/mc→p, ef(A)/mc2

→f(A), eE(B)/mcvp→E(B), n/n0→n.
In terms of the normalized variables, the hydrodynam

Eqs.~3! and ~4! take the form

]p'

]t
5

]A'

]t
1

l 0 /l '

bg
“'~f2g!, ~9!

]pz

]t
5

]Az

]t
2

1

bg

]

]t
~f2g!1

l 0 /l i

bg

]

]z
~f2g!, ~10!

]n

]t
2

1

bg

]

]t S npz

g D1
l 0 /l i

bg

]

]z S npz

g D1
l 0 /l '

bg
“'•S np'

g D
50. ~11!

Then, the field Eqs.~1! and ~2! read
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F ~12bg
2!

]2

]t2
22

l 0

l i

]2

]t]z
1S l 0

l '
D 2

“'
2 1S l 0

l i
D 2 ]2

]z2GA

5~kpl 0!2
n

g
p1bg

]

]t F êzS l 0

l i

]

]z
2

]

]t Df1
l 0

l '

“'fG ,
~12!

]2f

]t2
22

l 0

l i

]2f

]t]z
1S l 0

l '
D 2

“'
2 f1S l 0

l i
D 2 ]2f

]z2

5~kpl 0!2~n21!, ~13!

where we have introduced bg5vg /c and kp

5A4pn0e2/mc2.
Equations~9!–~13! are exact. The various terms occurrin

in the above equations are weighted by the dimension
quantities 1,l 0 /l ' , l 0 /l i , sometimes occurring to the
second power. In the next section, we shall use these we
ing factors to exploit theextended paraxial approximation.

III. THE EXTENDED PARAXIAL APPROXIMATION

Let us assume that the vector potential is circularly pol
ized in its transverse component, that is,

A~r' ,z,t !5 1
2 $@~ êx1 i êy!A~r' ,z,t !1êzAz~r' ,z,t !#

3eikz2 ivt1c.c.%, ~14!

whereA andAz are complex functions. By substituting Eq
~14! into Eq. ~12!, we obtain the following equation for the
complex amplitude of the transverse component of the ve
potential:

2ikl 0

l 0

l i

]A

]z
22

l 0

l i

]2A

]z]t
1S l 0

l '
D 2

¹'
2 A

1D]2A

]t2
1S l 0

l i
D 2 ]2A

]z2

5~kpl 0!2S n

g
21DA1

l 0

l '
F ~kpl 0!2

1

bg

n

g

3E t

dt8“xy~f2g!1bg

]~¹xyf!

]t G
3expF ivt0S t1

l i

l 0

vp
2

v2
z D G . ~15!

Here, D is related to the GVD byD[2vg
2k]2k/]v2

5vp
2/v2. Moreover, in writing Eq.~15!, the first-order dif-

ferential operator“xy5]/]x2 i ]/]y has been introduced.
In order to simplify Eq.~15!, though retaining a widely

applicable formulation of the problem, let us assume that
first four terms on the left-hand side may be of the sa
order during the space-time evolution of the laser-plas
system. Physically, the third and the fourth terms on
left-hand side represent the diffraction of the pulse, due to
finite transverse extension, and the GVD, weighted by
ratio vp

2/v2, respectively. By assuming that these two ter
9-3
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remain of the same order, then for an ultrashort laser p
~where its length is much shorter than its width! propagating
in a strongly underdense plasma, we can introduce
‘‘natural’’ smallness parameterl 0

2/l '
2 'vp

2/v25e2!1.
A further independent smallness parameter occurs in

problem, that is,n5(kl i)
21!1. By assuming that the firs

two terms are of the same order as the third and the fou
we obtain thatn;e2. Then, the following scalings hold:

l 0 /l ';l ' /l i;vp /v5e

and

l 0 /l i;l/l i;e2.

The above scalings can then be used to simplify the eq
tions. In particular, on the left-hand side of Eq.~15!, the last
term~of ordere2) can be neglected with respect to the oth
~of order e). Physically, it corresponds to assuming that
takes a long path of propagation to modify appreciably
laser pulse shape. The remaining terms describe a wide
of effects: the first term gives the propagation at the gro
velocity, the second term allows us to extend the applica
ity of our model to very short laser pulses, even to sing
cycle pulses. In the next section, we shall use the ‘‘natur
ordering suggested by the left-hand side of Eq.~15! to ex-
pand the system of Eqs.~9!–~13! in order to describe the
propagation of an ultrashort relativistic laser pulse into
underdense plasma.

IV. THE REDUCTION OF THE EQUATIONS
TO THE CASE OF AN UNDERDENSE PLASMA

The structure on the left-hand side of Eq.~15! suggests
introducing the following expansion for all the physic
quantities:

Q5Q01Q11•••, Az5Az,11•••, ~16!

whereQ→p' ,A' ,pz ,g,n. The leading-order termA',0 rep-
resents the laser field. It is worth noticing that the expans
of Eq. ~16! does not imply any weakly relativistic approx
mation.

A. The zeroth-order equations„eÄ0…

In the limit e→0, the zeroth-order hydrodynamic equ
tions for the transverse and the longitudinal components
the electron momentum and the continuity equation re
respectively,

]p',0

]t
5

]A',0

]t
, ~17!

]pz,0

]t
52

1

bg

]

]t
~f02g0!, ~18!

]n0

]t
2

1

bg

]

]t S n0pz,0

g0
D50. ~19!

Upon integration, the above equations read
05640
se
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p',05A',0 , ~20!

bgpz,052~f02g0!21, ~21!

~bg2pz,0 /g0!n05bg . ~22!

The zeroth-order field equations read

Az,050, ~23!

h2A012ikl 0

l 0

l i

]A0

]z

5~kpl 0!2H bg

@~11f0!22g',0
2 /gg

2#1/2
21J A0 ,

~24!

]2f0

]t2
5~kpl 0!2gg

2H bg~11f0!

@~11f0!22g',0
2 /gg

2#1/2
21J .

~25!

In the above equations, we have definedg05(11pz,0
2

1uA0u2)1/2, g',05(11uA0u2)1/2, and gg5(12bg
2)21/2, and

introduced the following second-order differential operato

h2[S l 0

l '
D 2

¹'
2 22

l 0

l i

]2

]t]z
1

vp
2

v2

]2

]t2
. ~26!

It is important to note that Eq.~24! is no longer a para-
bolic equation. The right name for it, according to its co
tent, would be thepulsed paraxial wave equation. The hier-
archy of scales implied by this equation naturally leads to
plasma response, which is self-consistently described wi
the quasistatic approximation.

B. The first-order equations „e™1…

The first-order hydrodynamic equations read

]p',1

]t
5

]A',1

]t
1

e

bg
“'~f02g0!, ~27!

]pz,1

]t
5

]Az,1

]t
2

1

bg

]

]t
~f12g1!, ~28!

]n1

]t
2

1

bg

]

]t F n1

g0
pz,01

n0

g0
pz,12

n0

g0
2

pz,0g1G
1

e

bg
¹'•S p',0

g0
n0D50, ~29!

whereg15(p',0•p',11pz,0pz,1)/g0.
The first-order field equations read

h2Az,15~kpl 0!2F n1

g0
pz,01

n0

g0
pz,12

n0

g0
2

pz,0g1G2bg

]2f1

]t2
,

~30!
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h2A',15~kpl 0!2F n1

g0
p',01

n0

g0
p',12

n0

g0
2
p',0g1G

1bg

l 0

l '

]

]t
~“'f0!, ~31!

]2f1

]t2
5~kpl 0!2n1 . ~32!

Equations~27!–~32!, together with Eqs.~20!–~25!, com-
pletely describe the laser-plasma interaction within the
tended paraxial approximation in an underdense plasma.
observe that the procedure outlined in the previous sect
actually separates the evolution of the laser magnetic field@at
the zeroth order, see Eq.~24!# from the evolution of the
induced quasistatic magnetic field@at the first order, see Eqs
~30! and ~31!#.

V. NUMERICAL SIMULATIONS

We have integrated the system of Eqs.~27!–~32!, coupled
with Eqs.~20!–~25!, for circularly polarized laser pulses, o
relativistic amplitudes (A>1). A finite-difference numerica
scheme is used, with first-order accuracy inz and second-
order accuracy inx, y, r, andt. The boundary conditions ar
of ‘‘radiating’’ type, with neither reflection nor absorption
The simulations presented in this section model the inte
tion of an ultrashort, relativistically intense, high-power las
pulse with a plasma. Initially, the laser pulse is focused at
edge of a preformed underdense plasma, withn/ncr50.01
~corresponding tovp /v50.1), where ncr is the critical
plasma density. At the input~edge! plane, the electromag
netic field distribution is given byA5a0 exp(2t2/t0

2

2r2/w0
2), wherer 5(x21y2)1/2. This axially symmetric dis-

tribution, with Gaussian transverse and longitudinal profil
corresponds to the fundamental Gaussian mode with a
sizew0 and a planar wavefront at the input plane. The ax
symmetry is maintained during the entire time evolution
the system. The initial effective pulse duration,t0, is related
to the spot size by the relationshipvgt0 /w050.1. Other rel-
evant dimensionless parameters in our simulations are
ratio of the laser spot size to the plasma skin depth,kpw0
525, andkpZR53125, whereZR is the vacuum Rayleigh
length.

Here, we present the numerical results relevant to
cases witha051 anda053 for an unperturbed cold plasm
characterized by the electron densityne59.931018 cm23

corresponding to a plasma wavelength oflp52p/kp
510.6 mm. With this last choice, the normalized electr
and magnetic fields are referred to the following unita
values:

mcvp

e
'3.033109

V

cm
,

mcvp

e
'1.013107 G,

respectively. The laser pulse is characterized by the follo
ing unperturbed parameters: vacuum wavelen
l51.06 mm; full length at half maximum l FWHM
05640
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55(4.2) mm, corresponding to a time duration oft0
516.7 (14.1) fs; peak powerP05614 (68) TW; peak in-
tensity I 052.231019 (2.431018) W/cm2; for a053 (1).
The Rayleigh length in vacuum isZR55272 mm and the
initial waist is w0542 mm, in both cases.

Figure 1 shows the contour plots of the longitudinal ele
trostatic field,Ez @Fig. 1~a!#, of the electron density,n @Fig.
1~b!#, and of the longitudinal electron momentum,pz @Fig.
1~c!#, associated with the wakefield produced behind the
ser pulse~which is localized aroundz850), in the plane
(r 85kpr ,z852kp(z2vgt), taken after traveling
z552.5 mm ~left column! andz5316.1 mm ~right column!
from the input plane (z50), for a053. We remind the
reader that atz50, the pulse scales arekpw0525 and
kpvgt052.5. In Fig. 1~a! we see that already at the ver
beginning of the interaction~left column! the dynamics is
intrinsically nonlinear, i.e., the front of the wakefield
strongly curved towards the pulse and the maximum ac
erating field has reached a value of'0.5 TV/m. This value
is then bound to further increase during the pulse propa
tion ~right column! due to the evolution of the pulse itsel
Figure 1~b! displays the contour plots of the electron dens
at the samez positions as in Fig. 1~a!. The strong spiky
structure of the density is evident, although the wavebre
ing conditions are not yet achieved even atz5316.1 mm.
Finally, Fig. 1~c! shows the contour plots of the parallel ele
tron momentum from which we get the fully relativistic cha
acter of the dynamic, withupz,maxu'4.3. Ez ,n,pz are zeroth-
order quantities, in our model~in Sec. IV A they have a 0
index!. From our simulations, such quantities manifest a s
tial periodicity that is approximately of 11kp

21'1.75lp at z
5316.1 mm, and it increases with increasing laser intens
Notice that the scale of such a periodicity is much long
than that usually argued on the basis of the generation of
second spatial harmonic of the background plasma w
vector, even if the relativistic mass correction is consider
Indeed, in our case the circular polarization of the laser p
vents the occurrence of harmonics of the laser.

It is worth observing that the strong curvature of t
wavefronts, which occurs during the pulse propagation,
combined effect of the relativistic electron mass depende
on the particle velocity and of the spiky structure of t
electron density. It is known@20,21# that in one-dimensiona
~1D! geometry, for a given laser pulse, its group veloc
equals the phase velocity of the electrostatic oscillation
duced behind itself. By extrapolating this property to the 3
case, wherel 0!l ' and l 0!l i , i.e., taking

vg'cS 12
vp,NL

2

v2 D 1/2

5cS 12
vp

2

v2

n

g D 1/2

,

by varying it, we get

dvg'
c2

2vg

vp,NL
2

v2 S dg

g
2

dn

n D , ~33!

wherevp,NL5A4pne2/mg is the nonlinear electron plasm
frequency. Here, bothg5A11pz

21p'
2 andn behave nonlin-
9-5
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FIG. 1. ~Color! The contour plots of the lon-
gitudinal electrostatic fieldEz ~a!, of the electron
densityn ~b!, and of the longitudinal electron mo
mentumpz ~c!, associated with the wakefield pro
duced behind the laser pulse~localized around
z850), in the plane (r 85kpr ,z852kp(z2vgt),
are shown taken after travelingz552.5 mm ~left
column! and z5316.1 mm ~right column! from
the input plane (z50) for a053.
056409-6
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HYDRODYNAMIC APPROACH TO THE INTERACTION OF . . . PHYSICAL REVIEW E 63 056409
early. As can be seen from Figs. 1~b! and 1~c!, there is a
competing effect of the two quantities, in that both manif
spikes along the ridge of the wavefront. However, it is cle
that the peaking of the density is much more pronoun
than that ofpz , that is, of g, thus leading to a stronge
decrease of the phase velocity on axis than in the periph
region of the wakefield. Figure 2 displays the surface plo
vp,NL

2 /vp,0
2 , which indeed shows that the net effect is a d

crease of the group velocity on axis.
A reconstruction of the first-order~azimuthal! induced

magnetic field is carried out by integrating the nonhomo
neous extended wave equation forBu,1 , which in dimen-
sional units reads

h2Bu,12kp
2n0

g0
Bu,152kpS pz,0

]

]r
1

pr ,1

vg

]

]t D n0

g0
. ~34!

Bu,1 represents the dominant component of the induced q
sistatic magnetic field in the wake behind the laser pulse.
numerical integration of Eq.~34! is preferable, although
equivalent, to the numerical differentiation associated wi

Bu,152
1

kp
S ]Az,0

]r
1

1

vg

]Ar ,1

]t D .

Notice that the right-hand side of Eq.~34! can be derived, as
a first-order quantity, from Eqs.~7! and ~8!, by introducing
the comoving reference frame, the normalized variables,
the expansion of Eq.~16!. In this connection, we notice tha
due to the smallness of the parametere, the approximate
equality uBlaseru'(ck/v)e21uA',0u shows that our model re
mains valid for Bu,1'A',0 in dimensionless units. This
means that, as far as we are dealing with the relativi
amplitude of the laser, that is,A'O(1), we candescribe the
generation of the azimuthal magnetic field as high as a f
tion of a0 /e, in the range of a few tens of megagauss,
e51021.

In Fig. 3, the contour plots of the induced azimuthal ma
netic field associated with the wakefield produced behind

FIG. 2. The surface plot ofvp,NL
2 /vp,0

2 , in the plane (r 8,z8), is
shown atz552.5mm for a053.
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laser pulse are shown, in the plane (r 8,z8), at z552.5 mm
~left column! and z5316.1 mm ~right column!, for a051
@Fig. 3~a!# anda053 @Fig. 3~b!#. At the lower intensity@Fig.
3~a!, the structure of the magnetic field is such that at a giv
radial position, it changes sign along thez direction. This
evidence is in contrast with the analytical results of@9–11#
and with PIC simulations of@9,10,12–17#. Moreover, the
periodicity of the magnetic wake is the same as that of
zeroth-order quantities displayed in Fig. 1. By increasing
laser intensity, as it occurs at later times@left frame of Fig.
1~a!, or for a053], the magnetic-field distributions manifes
the formation of a background uniform compone
~'1 MG!, with strong localized spikes (' a few tens of
MG! at the ridges of the wakefield. Therefore, this tubeli
structure of the azimuthal magnetic field becomes more
more an intrinsic property of the wakefield@22# as the pulse
intensity increases, due to the more powerful laser used
because of the self-compression of the pulse itself during
propagation. Figure 4 shows the longitudinal@Fig. 4~a!# and
the radial@Fig. 4~b!# profiles of the induced magnetic field i
the casea053. The almost uniform background field is we
seen in@Fig. 4~a!#. If we estimate the electron Larmor radiu
of relativistic electrons withpz'4 @see Fig. 1~c!# as rL
'c/vc,NL'gc/vc,e , we getrL'7 mm for B'1 MG and
g'4, which is smaller than the typical transverse scale
the wake, estimated asw0542.2 mm. A main consequence
of the presence of a strong magnetic field in the wake reg
is that any electron bunch loading from the outside of
accelerating wake will be strongly hampered. On the ot
side, this self-generated magnetic background field has a
cusing polarity that can be exploited in order to achieve
better confinement of accelerated electrons@16#. However,
either an externally applied magnetic field or the se
induced one can no longer be effective in confining the re
tivistic electrons due to the presence of periodic magne
field spikes of opposite polarity, with amplitude of the ord
of a few tens of MG.

As we have already pointed out, our model describes c
sistently the evolution of the laser pulse envelope during
interaction with the background plasma. The laser pulse
subjected to several deformations due to the nonlinear s
compression and the relativistic self-focusing. In Fig. 5, t
time evolution of the longitudinal spatial distribution of th
zeroth-order vector potential intensity~thick lines!, taken on
axis, is displayed fora051 @Fig. 5~a!# and for a053 @Fig.
5~b!#. In order to show the role of the electron density on t
pulse shape dynamics, the density profiles are also sh
~thin lines!.

From Fig. 5, the difference is apparent between the
axis profiles for the two casesa051 @Fig. 5~a!# and a053
@Fig. 5~b!#. It should be noticed that initially the evolution o
the pulses in both cases is characterized by a syncron
self-compression and self-focusing, so that the ratio of
pulse length to its width is almost preserved, and the pu
maintain their initial proportions. In thea051 case, the
pulse peak is shifted back during its propagation, wherea
thea053 case it is advanced relative to its initial position~in
the comoving frame!. The changes in the longitudinal pro
files are also evident. The difference in the evolution of t
9-7
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FIG. 3. ~Color! The contour
plots of the induced azimutha
magnetic field associated with th
wakefield produced behind the la
ser pulse, in the plane (r 8,z8), at
z552.5 mm ~left column! and z
5316.1 mm ~right column!, for
a051 ~a! and a053 ~b!, are
shown.
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pulses reflects the complex interplay between the relativi
and the ponderomotive effects, which, contributing to
nonlinear refractive index, modify it in different ways. Th
relativistic mass increase of the electrons oscillating in
laser field depends on the magnitude of the laser inten
while the ponderomotive force, which changes the elect
density, depends on the magnitude of the gradient of
laser intensity. In both cases (a051 anda053), these gra-
dients have the same order of magnitude. This is well see
the density compression generated at the leading edg
both pulses: they have the same order of magnitude
similar profiles. At the same time, the intensity of thea0
53 pulse is almost an order of magnitude higher than tha
the a051 pulse. Consequently, the modifications of the
fractive index through the relativistic mass increase of el
05640
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trons ~hence the decrease in the local plasma frequency! in
the a053 case will be almost an order of magnitude high
than for the weaker pulse, resulting in the difference of
nonlinear refractive index, which eventually manifests its
in different propagation dynamics of the two pulses. We
sign a thorough analysis of all the factors affecting the pu
evolution dynamics and the identification of the releva
physical mechanisms to a future work.

VI. CONCLUDING REMARKS

A physical model has been developed to investigate
interaction of ultrashort (l 0!l ') laser pulses with under
dense plasmas. This model allows us to describe the l
pulse evolution and the generation of large wakefields s
9-8
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HYDRODYNAMIC APPROACH TO THE INTERACTION OF . . . PHYSICAL REVIEW E 63 056409
consistently in a fully relativistic regime. Numerical studi
of the problem are carried out using a developed multidim
sional hydrodynamic code. The laser pulse evolution is
scribed within the framework of the extended paraxial a
proach, retaining the cross space-time derivative along w
the group velocity dispersion term. Taking into account
finite pulse length effects, our model is valid for ultrasho
laser pulses down to a single-cycle regime. In an underde
plasma, the ‘‘natural’’ smallness parameter,e5vp /v,1,
allows one to write separate coupled equations for the m
netic field associated with the laser pulse, and for that p
taining to the quasistatic wakefield generated behind
pulse itself. This approach turns out to be very convenien
exploring the pulse-plasma interaction in the most favora
conditions for particle acceleration, whereEz@E' . The
code has been applied to two cases relative to two sub-2

FIG. 4. The longitudinal~a! and the radial~b! profiles of the
induced magnetic field~solid lines! are shown in the casea053,
taken at several times~indicated in the plots, in picoseconds! after
the beginning of the interaction (t50). The following correspon-
dence between the instant of time and the pulse positions along
z axis, applies: 52.5mm→0.17 ps, 105.2mm→0.35 ps,
157.9 mm→0.53 ps, 210.6mm→0.71 ps, 316.1mm→1.06 ps.
The longitudinal profile of the vector potential amplitude, att50, is
also displayed@dotted line, in~a!# for the sake of reference.
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pulses of'70 TW and'600 TW, respectively, and a wave
length of 1.06 mm, propagating in a strongly underden
plasma with an electron density of'1019 cm23. During the
integration, the system has manifested a definitely non
tionary behavior: the laser pulse is compressed, self-focu
and, in thea053 case, evenly split in two parts; cons
quently, the excited wakefield produces accelerating elec
fields in the order of 0.5 TV/m, and density spikes up to
times the unperturbed density, values that are bounded e
to increase during the subsequent evolution. The azimu
magnetic field associated with the wakefield has been
served, which, at lower laser intensity, has a typical ri
structure with neighboring rings that alternate in sign; ho
ever, with increasing pulse intensity, an almost uniform tu

he

FIG. 5. The time evolution of the longitudinal spatial distrib
tion of the zeroth-order vector potential intensity, taken on-axis
displayed ~thick full lines! at t52.21 ps, corresponding toz
5658.7 mm, for a051 ~a!, and att51.06 ps, corresponding toz
5316.1 mm, for a053 ~b!. For the sake of comparison, the pro
files att50 ~dotted lines! are also shown. In order to show the ro
of the electron density on the pulse shape dynamics, the den
profiles are also reported~thin lines!.
9-9
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FARINA, LONTANO, MURUSIDZE, AND MIKELADZE PHYSICAL REVIEW E 63 056409
like background field is formed, on which periodical spik
appear, one order of magnitude more intense than the b
ground field localized at the density distribution ridges.

The kinetic features, such as, for example, the elect
acceleration due to wavebreaking, are not included wit
the model. This poses a limitation on its applicability, whic
however, turns out to be not so severe in the case of stro
underdense plasmas (e2!1). In this respect, we should no
tice that no sign of wavebreaking has been observed du
the integrations that have been carried out.

Moreover, it is worth mentioning that if the field ampl
tude is not too large so as to excite a regular wakefield
hind the pulse, it is expected that only a limited fraction
the laser energy is dissipated and transformed into an
fective temperature’’ of the plasma in the wakefield regio
PIC simulations show that under these conditions, the h
est electron energies are well below the electromagnetic
ergy inside the pulse and the corresponding typical veloci
are appreciably smaller than the speed of light@23#. In this
case, the cold hydrodynamic plasma model adopted here
serves most of the physics of the problem, as has also b
shown by very recent comparisons between PIC and hy
dynamic simulations@24#.

The backward Raman scattering process@25#, which is
known to affect heavily the pulse shape at small scales
A.
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absent from our description. However, as far as the la
pulse remains shorter than the plasma wavelength 2pkp

21 ,
this process is not expected to play a dominant role@23#.

As far as the intensities of the laser field and, con
quently, of the quasistatic magnetic field are concerned,
are not restricted at all to weakly relativistic amplitudes. T
fully relativistic regime of interaction, characterized by th
normalized vector potential of the order of 1, can be acces
by our model, provided that the conditionBu,1'A',0 remains
satisfied.

Finally, a comment on the possibility of diagnosing th
quasistatic azimuthal magnetic field is in order. If we ma
age to use a linearly polarized probe laser propagating ac
the wakefield in such a way that it propagates tangent~that
is, almost parallel! to the azimuthal field, the polarizatio
rotation angle, for a path of 10mm in a 1-MG ambient
magnetic field, is of the order of 0.2°, a value that is with
the present measurement capabilities.

The hydrodynamic code that has been used in these
simulations is particularly suitable for studying the multid
mensional features of the ultrashort laser pulse interact
with underdense plasmas, namely the propagation of elli
cal cross-section pulses, and the stability of azimuthal p
turbations of the laser pulse, and the possible formation
filaments. This will be a matter of future investigations.
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